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A general mean field equilibrium theory for multicomponent polymer systems is applied to the bulk 
state of semiflexible polymers which can undergo a first order nematic-isotropic phase transition. The 
polymers are taken as continuous chains whose aspect ratios are much greater than one. Local variations 
about unity in the absolute value of the tangent vector to the polymer curve are allowed, only the 
average of the square of the absolute value is constrained to unity. As a consequence the probability 
distribution for a single chain is taken to be the product of the Wiener measure and the Kratky-Porod 
term. The interaction between polymeric chains is included through the use of a mean field of the form 
similar to the Maier-Saupe expression. With this mean field we obtain an analytical expression (Feyn- 
man-Hibbs result) for the probability distribution from which the order parameter and the free energy 
are determined. 

INTRODUCTION 

Recently a mean field equilibrium theory' using the density functional integral 
method has been developed for semiflexible polymeric chains. In that work' the 
question of how best to describe semiflexible polymers was addressed. It is well 
known that biological and synthetic polymers are in most cases neither totally rigid 
nor totally flexible.2 However, depending on the scale of observation one can 
perceive them as being flexible or rigid and then use the appropriate probability 
distribution3 to describe the single chain (the Wiener measure4 for flexible and 
extensible chains and the Kratky-Porod5 distribution for stiff, inextensible chains). 
In the intermediate range of observation polymers are best thought of as semi- 
flexible and the probability distribution for the single chain is taken as the product 
of the Wiener measure and the Kratky-Porod term. The general development 
presented in reference 1 led to a self-consistent solution of the differential equation 
for the probability distribution, Q(r,u,L; ro,uo), for a chain of length L with the 
initial position ro and orientation uo, ending at r with final orientation u. In this 
work we focus on the application of the theory to the bulk state of nematic sem- 
iflexible polymers and find that with a quadratic mean field (of the Maier-Saupeh 
type) we obtain an analytical solution for the probability distribution. 

There are a number of earlier works' that treat polymers as semiflexible. The 
main difference between our approach and these studies is that we relax the con- 
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312 J. B. LAGOWSKI AND J. NOOLANDI 

straint that the absolute value of the tangent vector, IuI, is identically equal to unity 
everywhere along the space curve that denotes the polymeric chain. This is done 
primarily for two reasons: (1) To avoid mathematical inconsistencies’.* that this 
constraint leads to and (2) relaxing this constraint gives rise to an analytical solution 
for the total probability distribution providing the effective mean field is approx- 
imated by a quadratic expression. 

THEORY AND DISCUSSION 

We consider a discrete chain consisting of N bonds of average length As such that 
the total length of the polymer is given by L = NAs. Using the functional integral 
notation8 (i.e,, in the limit As + 0, N + 00, L = NAs) the polymeric chain can be 
thought of as a continuous space curve. Then the probability distribution, P[u(-)], 
for an unperturbed single chain (semiflexible) can be taken as 

where p = l/(k,T) and u(s) = ar(s)/& is the tangent vector at a point s along 
the curve (0 s s s L ) .  Note in this model u2(s) is not identically equal to unity8 
for all s. However it is still required that the average of square of the tangent 
vector, (u2), is constraint to unity. In Equation (1) the first term is of the same 
form as the usual Wiener measure4 and gives the probability distribution for the 
bond lengths. The second term represents the potential energy due to the bending 
of the chain, which is related to the intrinsic elasticity constant E (in units of energy 
times length), and the inverse of the square of the radius of the curvature. In this 
model b* and E are related (see below). 

In this work we consider a bulk nematic state that is composed of only one type 
of homopolymer. In general polymeric chains will interact with each other through 
long and short range intra- and inter-molecular interactions. The usual procedure 
for taking account of these interactions is to introduce an effective mean field. In 
this model the steric effects are not taken into account. However it is known’ that 
the anisotropic part of the attractive Van der Waals force (Maier-Saupe mean 
field)6 leads to a first order nematic-isotropic phase transition. When the constraint 
u2(s) = 1 is relaxed we find that for the semiflexible polymers the following form 
of the mean field, w(u), gives rise to a first order phase transition 

with 

fJS) = s + BS2 + cs3 (3) 

(4) 
1 f , ( S )  = f , ( S )  = --S + B‘S2 + C ’ S 3  
2 
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SEMIFLEXIBLE NEMATIC POLYMERS 373 

where S is the scalar orientational order parameter that accounts for the uniaxial 
symmetry of the nematic state. We show below that parameters: B' and C' are 
functions of S. Note that from the requirement that the nematic-isotropic phase 
transition is first order we must set the coefficient of S in Equation (4), A ' = 
- A / 2 ,  since all terms linear in S must vanish in the free energy expression. The 
form of W(U) as given by Equation ( 2 )  relates the mean field directly to the ori- 
entational order parameter S, given by 

3 1 
S = - (uf )  - - 2 2 

if A =  6. 

It should be emphasized that of the five parameters: A ,  B, C ,  B ' ,  C' (we have 
let A '  = -(1/2)A), introduced into w(u)  only two are independent, this will be 
shown below. Equation (2) is of similar form to the Maier-Saupe6 expression of 
the mean field. The ansatz of Equation (2) can be motivated as follows. The 
intermolecular potential between rodlike molecules 1 and 2 can generally be written 
as an expansion in terms of spherical harmonics 

For two polymeric chains separated by a distance r, 01, 02,  +2 are the angles 
with respect to the intermolecular vector that intersects the chains at only two 
points s and s' i.e., Irj(s) - r,(s')l = r (with i # j ,  {ij} = (1, 2 ,  . . . N } ) .  
Orientational order in a nematic liquid crystal is defined in terms of the molecular 
orientation with respect to a space-fixed coordinate system which contains the 
director. Transforming Equation (6) from the coordinate system containing the 
intermolecular vector to this space-fixed coordinate system and following the pro- 
cedure developed by Maier-Saupe6 and  other^^^'^ one obtains the pseudo-potential 
for a single chain. There are a number of ways of obtaining the final form of this 
pseudo-potential. Most involve series expansion in terms of P,(cos€I) or cosLO with 
the corresponding multiplicative coefficients that include averages with respect to 
P, (i.e., ( P L ) )  or cos% (i.e., (cos"0)). The most commonly used approximation 
for polymer liquid crystals retains only the first term in this expansion i.e., w(u)a 
- ( P 2 )  P,(cosO) (where S = (P2)  if u2(s) = 1) or w(u) a - C, c, S u," ( a  = x,y,z). 
In this work we require that the global average of the square of the tangent vector 
(u2) is equal to unity. This results in the need to generalize multiplicative factor of 
u: to include higher powers of S as shown in Equation ( 2 ) .  

A useful feature of the quadratic form for w(u) is that the total probability 
distribution Q(u, L ;  uo) for a single chain of length L with initial and final ori- 
entations given by u0 and u respectively given by' 
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374 J .  B. LAGOWSKI AND J. NOOLANDI 

becomes a functional integral of the harmonic oscillator type." Thus one can solve 
for Q(u,L;uo) in a closed form for an arbitrary polymer of length L ,  

I - 11* Q(u,L;u,) = N 

I 1 (US + u#$) Gosh (2 A,Lh) - 2u, u , ~  
x exp{ --A, 2 sinh(2 A,LX) 

where 

PAf,(S), A, = (d,h)-'/'. 
1 1 3  _ -  _.- A = -  - 

2PE' d,  26* (9) 

Given Q(u,L;u,) one can calculate the averages of physical quantities as discussed 
in reference 8. 

For example the mean-square end-to-end distance, (R2), using the spatial cor- 
relation function for u(s), (u(sr).u(s")), is given as follows 

(R') = lL 0 ds' lL 0 ds" (u(s') * u(s'l)> (10) 

or 

We determine the order parameter S as defined in equation ( 5 ) .  This requires the 
calculation of (u2) as follows: 

(u') = {tanh(2 A,Lh)+ csch(4 A,LX) + - 
a 2A, 

In the limit A,Lh + x we obtain 

1 - 2 exp( - 4A,LX) + . . . 

and 

1 + 2 exp(-8AaLh) + . . . 
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SEMIFLEXIBLE NEMATIC POLYMERS 375 

with the requirement that (u’) is equal to unity. With two conditions (& 1/(2A0) 
= 1 and A, = A when S = 0) inserted into equation (13) we obtain an expression 
for (R2) that is similar in form to the Kratky-Porod r e ~ u l t . ~  Also in this limit we 
find that the effective segment length is given by b* = 1/(AA) or b* = (4/3)pe = 
2/(3A). This result again should be compared with b* = 2Pe = 1/A for wormlike 
model.4 

Next w e  illustrate how to determine the constraining conditions on the parameters 
A,B,C,B’ and C’. As T -+ 0 we must have S + 1. This gives one relationship 
between B and C (in the limit LA + x this is given by 1 + B + C = 0). Also as 
T + 0 we must have S + - 1/2, this gives a relationship between B’, and C’ (for 
L X  + x ,  1 + B’ - C‘/2 = 0). In general we express B’ and C’ in terms of B ,  C 
and S from the requirement that at given T ,  the same S must satisfy two equations 
S = 3/2 (u t )  - 112 and S = 1 - 3 (u;) (note (u;) = (u:)). For example in the 
limit LA + x C‘ expanded to first order in S satisfies the following relationship 

C‘ = - - + B - - (1  + B ) S  + O[S]’ (; ) ; 
Then the f i , ( S )  functions in the mean field expression (see Equation (2)) can be 
written as 

f i ( S )  = S + BS2 - (1 + B)S’ (16) 

f , , (S )  = f * ( S )  = --s 2 - (; + - ;) s 2 - ( y  + y )  S ’ .  (17) 

Equations (2),(16) and (17) give w(u) in terms of two unknown parameters: A and 
B. Using Equation (14) in the limit LA -+ x the order parameter is given by 

Two more relationships between S and T are needed in order to specify the pa- 
rameters A and B (and consequently C ,  B’ and C ’ )  completely. The values of the 
single chain parameters (b* ,E) can be determined semiempirically.’ 

The critical values of the temperature and the order parameter (T , ,  S,.) are given 
by requirement that the free energies of the nematic and isotropic states are equal. 
In the limit LA+ x (with w(u) given by Equations (2), (16) and (17)) the expressions 
for the nematic, FN,  and isotropic, F,, free energies are given as follows 

FN = m A  {zT 1 PA [ - ?s2 3 - ( 3  + 
s3 + (’ + y)s4]} 
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376 J.  B.  LAGOWSKI AND J .  NOOLANDI 

In the limit LX -+ ~4 equation (19) further simplifies to the following expression 

+ (i + y )  S4] + A, - 3R. (21) 

Since the mean field expression retains terms up to third order in S which in turn 
leads to terms up to fourth order in S in the expression for the free energy, we 
must expand the remaining part of AF (i.e., terms that contain A,) up to fourth 
order in S. This is because series expansion of A, contains terms to all orders in 
S. This results in the following expression for AF = FN - F,, 

v(-648 - 405B + 5 4 ~  + 36Bv + 2~‘ )  
s3 s2 - v( -45 + 2v) 

- -  - - h F  
NLX 36 324 

s4 
v(--1458 - 4868 + 1053~ + 432Bv + 1088% - 5 4 ~ ’  + 36Bv’ + 5v3) 

- 

1944 

where 

v = -  PA 
X ’  (23) 

RESULTS 

Using Equation (18) one can obtain a plot of S as a function of the reduced 
temperature T/T ( T  = (A&)”’/kB) both for LX -+ K- and for finite length LA (=  
0.1, 1, 5 ,  10). These plots for a typical value of B = -1.135 are illustrated in 
Figure 1. From this figure it is concluded that the S versus TIT curves for finite 
length polymers converge rapidly to the asymptotic curve (when LA + m). 

From the expansion of the free energy (Equation (22)) we obtain two solutions 
for S, in  terms of T and 8 when the condition AF = 0 is satisfied (one of the 
solutions corresponds to an unstable state). The crossings of the S(AF = 0) versus 
T/T curves with the S versus T/F curves for different values of B determine the 
critical values of the temperature and the orientational order parameter (see Figure 
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SEMIFLEXlBLE NEMATIC POLYMERS 377 

FlGURE 1 Variation of the orientational order parameter, S, (see equation (5)) with the reduced 
temperature TiT ( T  = (A€)”VkB) for LA + x ( A  = 1/(2p~)) and finite length LA = (10, 5 ,  1, O . l ) }  
polymer chains ( B  = - 1.135). The critical value of S, = 0.70 at T, = 0.45 T for LA + x is indicated 
by the vertical dashed line. Note that the lower part of the curve for LA + x for negative values of S 
corresponds to the state where the chains align in the xy-plane. 

S 

FIGURE 2 Crossing of the S ( A F  = 0) versus T/T curves with the S versus T/T curves for various 
values of B in the limit LA + x ,  giving the critical values of the temperature and the orientational 
order parameter. 
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FIGURE 3 Variation of the reduced segment length b*A ( A  = 1 / (2p~) )  with the reduced length LA 
o f  the polymer. (h*A must be such that in the isotropic state S = 3/(4A,) - 112 = 0 (see text) i s  
aatibfied self-consistently.) 

(2). For example with LA + 0~ for B = - 1.135 we find that T,= 0.45 ( A & ) 9 k B  
and S, = 0.70 (see Figure 1). Figure 3 shows how b*A changes with the length, 
LA, in order to satisfy the requirement that S = 0 in the isotropic state. Note that 
b*A reaches the asymptotic value (213) as LA +. m. In the zero temperature limit 
(S + 1) one must take the limit T + 0 and then LA + in the free energy 
expression (Equation (19)), which then leads to a different result for AF from 
Equation (22). 

Acknowledgment 

This research was supported in part by the Natural Sciences and Engineering Research Council of 
Canada through its contribution to Industrial Research Fellowship awarded to one of the authors (J. 
B. Lagowski). 

References 

1. J .  B. Lagowski and J .  Noolandi, (to be published in Macromolecules). 
2. Polymer Liquid Crystals, edited by A. Cilerri, W. R .  Krigbaum and R. B. Meyer, Academic Press, 

New York (1980); Polymeric Liquid Crystals, edited by A. Blumstein, Plenum Press, New York 
(1985). 

3. G. Allecgra, J .  Chem. Phys., 79, 6382 (1983). 
4. M. Doi and S. F. Edwards, The Theory of Polymer Dynamics, Oxford University Press, New York 

( 19x6). 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

0:
11

 1
9 

Fe
br

ua
ry

 2
01

3 



SEMIFLEXIBLE NEMATIC POLYMERS 379 

5 .  0. Kratky and G. Porod, Rec. Trav. Chim. ,  68, 1106 (1949). 
6. W. Maier and A. Saupe, Z.  Naturforsch., 13A, 564 (1958); 14A, 882 (1959); 15A, 287 (1960). 
7. P. J. Flory, Proc. R.  Soc. London, A 234, 60 (1956); N .  Saito, K. Takahashi and Y. Yunoki, J .  

Phys. Soc. Japan, 22, 219 (1967); F. Jahnig, J .  Chem. Phys., 70, 3279 (1979); A. ten Bosch, P. 
Maissa and P. Sixou, J .  Chern. Phys., 79, 3462 (1983); M. Warner, J. M. F. Gunn and A .  B. 
Baumgartner, J .  Phys. A: Malh. Gen., 18, 3007(1985); X. J.  Wang and M. Warner, J .  Phys. A: 
Muth. Gen., 19, 2215 (1986). 

8. K. F. Freed, Adv.  Chern. Phys., 22, 1 (1Y72). 
9. R. L. Humphries, P. G. James and G. R. Luckhurst, J .  Chem SOC. Faraday Trans. 11. 68, 1031 

(1972). 
10. G. R. Luckhurst, C. Zannoni, P. L. Nordio and U. Scgre, Molec. Phys., 30, 1345 (1975). 
11. R. P. Feynrnan and A, R. Hibbs, Quantum Mechanics and Path Integrals, McGraw-Hill Book 

Company, New York (1965). 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

0:
11

 1
9 

Fe
br

ua
ry

 2
01

3 




